EEB 610 –SUPPLEMENTARY  INFORMATION AND SOME READINGS
UNIT 1.  Historical Background and Theory of Populations. 

Topics covered include 

Continuous population models in homogeneous and heterogenous spatial environments (classics such as Pearl - Verhurst logistic models, von Bertalanfy, from the early 1900's, age structure models from the 1930's,)

Discrete population models in homogeneous and heterogenous spatial environments (chaos of the 1970's, matrix models from the 1950's,...)


Individual -based models (IBMs from the 1970's).

Unit 1

1.  The Growth of Populations

Objectives: Cover the historical foundation for models of exponential growth and logistic growth.

Related references: 

Foundations: 

Thomas Malthus (1798). Essay on the principle of population. London. J. Johnson, 11798. 396 pp. 

Pierre Francois Verhulst. Nouveaux Memoires de l'Academie Royale des Sciences et Belles-Lettres de Bruxelles, 18, Art. 1, 1-45, 1845 

Raymond Pearl. On the rate of growth of the population of the United States since 1790 and its mathematical representation." Proceedings of the National Academy of Sciences, USA 6:275-288 (1920: with L. J. Reed)

See also G. Evelyn Hutchinson, An introduction to Population Ecology. Yale. 1978. This contains an excellent historical perspective but be careful of the math.
The population growth rate, the rate of change in the population as a function of time, is governed by many factors. These growth factors may be intrinsic to individuals in the population or extrinsic to the population such as the environment in which a population is restricted and organisms with which it interacts.

Population dynamics refer to the actual changes in population attributes such as the number (or body mass or lipid mass) of individual organisms in the population through time. Population dynamics are determined by the growth rate of the population.
Linear models of population growth

Math needs: Solving first order linear equations with constant coefficients.

Linear models for population growth probably were considered first by Thomas Malthus (1798), in his Essay on the principles of human population growth. 

Malthus (1766-1834) ,         [image: image70.png]Untt




Malthus utilized the continuous exponential growth equation:

(1) dN(t)/dt=rN(t) 

to study the demographics of human populations. Here N represents the population size (numbers; although it could be biomass or other population measures), t represents time, and r represents a constant per capita growth rate. Equation (1) “says” that the rate of change in population size per unit time at time t is equal to the per capita growth rate multiplied by the population size at time t. 

An important lesson in modeling is that the dimensions of the quantities on either side of a model equation must be the same. Notice the units of the model components for the exponential growth model are numbers/time on the left side of (1). Since r has dimension 1/time, and N is measured as numbers, the dimensions in (1) are consistent.

The interpretation of the per capita rate of change of the population, r, is the difference between those entering the population at time t and those leaving at time t. Hence, if the birth rate b represents those entering the population and d , the death rate, represents those leaving the population, r=b-d. The dimensions of both b and d are 1/time. This input-output balance approach is traditional in modeling endeavors.

Integration of (1) yields the solution

(2) N(t) = N(0) exp(rt), 

where N(0) is the initial population size. If r > 0 then the birth rate exceeds the death rate and the model (1) does represent exponential growth. However, if the birth rate is less than the death rate, the solution is one of exponential decay, not growth.

Linear External Forcing: Constant Rate Migration

If there is a constant force of migration, m, which affects the population numbers, (1) can be written as

    (3)   dN(t)/dt=rN(t) + m. 

The parameter m has dimension numbers/time and can be either positive or negative depending on the difference between immigration (an influx of individuals) and emigration (an outflux of individuals). The solution of (3) is 

(4) N(t) = N(0) exp(rt) – m/r

provided r is not 0. When r = 0, that is, when the birth rate is equal to the death rate, the solution is N(t) = mt + N(0). Hence this yields a linear function of time rather than an exponential growth or decay as seen in the other models.

What do we need to know to apply (1)?  Two parameters (quantities that are fixed for a given model) must be given a priori. We have indicated how the per capita growth rate parameter r might be determined. Because r is constant, only the birth rate and death rate need to be known at the same time t and r will be determined. In addition, an estimate of the population size at a starting time must be obtained. To work with (3), we should also determine the migration rate at some time. 

From an analysis perspective, the sensitivity of the model solutions to changes in the parameters is important information. Parameters are estimated from data, data that is often only approximate to the actual values. Use of an estimated parameter might lead to completely different behavior than the actual solution. For example, positive values near r = 0 in (1) yield exponential growth while negative values near r = 0 results in solutions that decay to zero. These ideas get into the area of structural stability of the model.

A geometric analysis. The phase line. 

The exponential growth model (1) as viewed along an axis where the slope is plotted is called the phase line. If r > 0, the slope sign is as indicated:

-------------------------0+++++++++++++++++++++ d P/dt



      P = 0

When the direction of the flow is indicated along the P axis, we have the phase line:
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P = 0

Discrete exponential growth

Math Needs: The ability to count to large numbers, infer inductively, and knowledge of exponential functions.

This differential equation (1) is only applicable to populations that are measured with continuous variables N and t. Population numbers are discrete so unless the population is extremely large, a continuous growth model that represents individual numbers is inappropriate because each birth or death causes a jump of 1 in the numbers. Population biomass might be a better variable to follow in the model but again at a birth or death, the biomass might take a considerable jump. Time is continuous but often, biological data is provided only at discrete, infrequent times. 

The discrete form of the continuous model (1) was originally used for populations having discrete generations over time. The model relates the population numbers, N, at time t, N(t) to those individuals of the next generation occurring at time t + 1, N(t+1) and is called a difference equation. To differentiate between continuous models and for notational convenience, subscripts are often used: N(t) = Nt. The discrete model for exponential growth is

(5) Nt+1 = λ Nt

where Nt and Nt+1 are the number of individuals at times t and t+1 respectively and λ is the intrinsic rate of growth.  λ is the number of times the population multiplies itself each generation. Again, an initial population, N0, is needed to compute the population dynamics. The solution of (5) is obtained via an iterative counting process: N1 = λN0,    N2 = λN1 = λ2N0 and similarly, Nt = λtN0 for all t. Thus, the first order linear difference equation (5) exhibits power function exponential growth. 

The discrete and continuous linear growth models are related in that the dynamic behaviors are similar at common time values. For example, with r = lnλ, the rate of growth of a continuously growing population corresponds at times t of the discrete model to a discrete linear equation with growth rate exp(r):

Nt+1 = Nt exp(r).
1.3. Stability Concepts

Math needs: Some calculus dealing with limiting processes and measures of differences in functions.

The concept of stability is extremely overused in ecology. It is also often a nebulous concept depending on the user’s whim. Mathematical definitions of stability are generally more tractable and we will discuss those formally later but for the simple linear growth models, the ideas of stability reduce to the following ideas. A stable population is characterized by an intrinsic growth rate r ≤ 0 in the continuous model (1) or a λ satisfying -1≤ λ ≤ 1. When the r is zero, the population remains at its initial population since births and deaths balance each other. If initial conditions are “close”, then the model populations remain “close” for all time; this is the mathematical concept of stability. When r is negative, the population is decreasing to zero and the extinction solution is the attractor for the entire population; this is the mathematical idea of asymptotic stability. That is, given any initial condition the model solutions all approach zero, the extinction solution of the model. 

Assumptions for exponential growth.
Lets delineate the underlying assumptions necessary for exponential growth of a population. 

1.  The population defining area contains only members of that population.

2. Individual members of the population are identical.

3. When a member of the population dies, an identical member replaces it via birth. 

4. The birth rate and death rates remain constant over the entire time horizon.

5. Individuals do not interfere with one another. 

6. There is an infinite supply of vital resource elements (e.g. food, space, etc.). 

All of these assumptions are crucial to understanding population dynamics. The first one addressed in the literature is 6 and it is in considered from the perspective of density – dependent regulation of the population. 

Application. To be useful we will have to compare our solution to some real data. The interesting history of the early population growth equation is that the scientists who first applied this equation to biology thought that it should apply to human populations. Select the United States population dynamics as our database. In modeling applications, there are decisions to be made before we start. For example, we have to choose some convenient time, the initial time, which we will conveniently set to zero, to start our application. The first people to model the U. S. population did so around the turn of the 19th century. The first U.S. Census was 1790, so let's start from there. At that time the population in the U.S. was 3.929 million; this is our initial population. We will need to decide also the appropriate units for our display of results, so let’s take population units as millions of people. To start from 1790 instead of zero, regard time as t - 1790 instead of just t. Again this scaling is to make easier the transformation of our data. The final parameter required for the model the value of the growth rate constant r (remember that this is the birth rate - death rate).  To get it, we have to look at the data for a time later than 1790. Notice that we have tow parameters to determine and we need two data points to find the parameters. Since we are assuming that the birth and death rates are constant, we can pick any 

year we want.  Let's choose 1830.  In that year, the population was 

12.866 million people.  The solution (2) gives (exp(r(1830 - 1790))3.939 = 12.866; the solution is r = 0.029655. The population of the U. S. (red data points) and the model exponential curve is given below. The initial portion of the data seems to fit well.
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What happened about 1900? 
Simple population dynamics governed by density-dependent representations

Math needs: Separation of variables techniques for solving differential equations and partial fractions.

In general, the assumption of a constant per capita growth rate is problematic. Populations may grow exponentially over some period of time, but resources are unfortunately finite and will not support exponential growth for exceptionally long time periods. Populations do not grow with an unbounded character. In his important work "Mathematical Researches into the Law of Population Growth Increase" (Nouveaux Memoires de l'Academie Royale des Sciences et Belles-Lettres de Bruxelles, 18, Art. 1, 1-45, 1845), Pierre Francois Verhulst (1804-1849), examines population growth in Belgium. Verhulst assumes, as does Malthus, that small populations increase geometrically, because the supply of resources exceeds demand. Then, he makes several important observations that form the foundation for density dependent regulation in populations: 

1. When supply and demand balance, population growth remains relatively constant. 

2. When demand exceeds supply, population growth decreases, possibly at the same rate that it had increased. He discovers that sigmoid curves ( S-shaped curves; sigmoid from the Greek “sigma”) are useful for describing population growth. Verhulst describes the supply – demand process with an equation that results in a sigmoid type solution under certain conditions.
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Pierre François Verhulst (1804-1849) Picture from Hutchinson 1978.

Pierre Verhulst was educated in Brussels, then in 1822 he entered the University of Ghent. He received his doctorate in 1825 after only three years study and returned to Brussels. There he worked on the theory of numbers, and, influenced by Quetelet, he became interested in social statistics. He had been intending to publish the complete works of Euler but he became more and more interested in social statistics. In 1829 Verhulst published a translation of John Herschel's Theory of light. However he became ill and decided to travel to Italy in the hope that his health would improve. In 1830 Verhulst arrived in Rome. However his visit there was not a quiet one. Quetelet wrote:- 

Whilst on a trip to Rome he conceived the idea of carrying out reform in the Papal States and of persuading the Holy Father to give a constitution to his people. 

This plan did not meet with approval and Verhulst was ordered to leave Rome. He returned to Belgium. On 28 September 1835 Verhulst was appointed professor of mathematics at the Université Libre of Brussels. There he gave courses on astronomy, celestial mechanics, the differential and integral calculus, the theory of probability, geometry and trigonometry. In 1840 Verhulst moved to the military school, the École Royale Militaire. He continued to be influenced by Quetelet although he was not always in agreement with Quetelet's ideas. 

Verhulst's research on the law of population growth is important. The assumed belief before Quetelet and Verhulst worked on population growth was that an increasing population followed a geometric progression. Quetelet believed that there are forces which tend to prevent this population growth and that they increase with the square of the rate at which the population grows. 

Verhulst showed in 1846 that forces which tend to prevent a population growth grow in proportion to the ratio of the excess population to the total population. The non-linear differential equation describing the growth of a biological population which he deduced and studied is now named after him. Based on his theory, Verhulst predicted the upper limit of the Belgium population would be 9,400,000. In fact the population in 1994 was 10,118,000 and, but for the affect of immigration, his prediction looks good. In 1841 Verhulst was elected to the Belgium Academy and in 1848 he became its president. However, the bad health which he had suffered from earlier days returned to make his life increasing difficult over the last years of his life. 

Article by: J J O'Connor and E F Robertson



Verhulst used the sigmoid curve
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to investigate population dynamics of Belgium. p is the population number and t is the time in years. Belgium, in 1830 had an estimated population of 4,247,113.
1/m is a population growth rate coefficient (estimated to be 87.885; m/n is the projected maximum population (estimated to be 6,583,700).
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Verhulst writes "We will give the name logistic [logistique] to the curve" (1845 p.8). Though he does not explain this choice, there is a connection with the logarithmic basis of the function. Logarithm was coined by John Napier (1550-1617) from Greek logos (ratio, proportion, reckoning) and arithmos (number). Logistic comes from the Greek logistikos (computational). In the 1700's, logarithmic and logistic were synonymous. Since computation is needed to predict the supplies an army requires, logistics has come to be also used for the movement and supply of troops. 

Much of this taken from: Why logistic growth and not autocatalytic curve?, J Linacre … Rasch Measurement Transactions, 1993, 6:4 p. 260-1



Raymond Pearl (1879-1940) renewed interest in Verhulst's work and terminology; indeed the unfortunate term “logistic equation” persists until this day. His "Studies in Human Biology" (Baltimore: Williams & Wilkins, 1924) review Verhulst's population growth work. Pearl and Reed "On the rate of growth of the population of the United States since 1790 and its mathematical representation." Proceedings of the National Academy of Sciences, USA 6:275-288 (1920: with L. J. Reed) used the logistic theoretical curve shown in the mid-1920's, found a good fit, and predicted that the maximum size of the U.S. population would be less than about 200 million.  To find out the current estimate for the U.S. population today, go to the

Census Bureau's population clock.


Raymond Pearl (1879-1940)

	American population ecologist and geneticist. Pearl popularized the quantitative methods of Pearson and Lotka, having worked with Pearson in London. Unlike Pearson, Pearl became a Mendelian (1910). After moving to Hopkins Pearl began a research program on the population ecology of Drosophila (1919) and introduced the idea of logistic growth (1920). Pearl was a political progressive who strongly supported the eugenics movement in the early 1920s, before it was scientifically discredited. Friend of E. M. East, H. L. Mencken, W. M. Wheeler, and G. U. Yule. Pearl's research in the late 1920s was generously funded by the Rockefeller Foundation. In 1928 - 1929 Wheeler tried and failed to get Pearl hired at the Bussey Institute, Harvard University. Pearl founded the Quarterly Review of Biology (1926) and Human Biology (1929). 
	[image: image7.jpg]





Career:

· Undergraduate, Dartmouth College 

· Doctoral student, University of Michigan 

· Instructor, University of Michigan, 1902-1905 

· Research, Leipzig, Naples, University of London, 1905-1906 

· Maine Agricultural Experiment Station, 1907-1918 

· Director, Statistical Division, U.S. Food Administration, 1918-1919 

· Professor, School of Hygiene and Public Health, Johns Hopkins University, 1919-1925, from 1930 

· Director, Institute for Biological Research, Johns Hopkins University, from 1925-1930 

Key publications:

· Modes of Research in Genetics (1915) 

· "On the rate of growth of the population of the United States since 1790 and its mathematical representation." Proceedings of the National Academy of Sciences, USA 6:275-288 (1920: with L. J. Reed) 

Raymond Pearl was clearly one of the most prolific American scientists, to this day. His bibliography includes 712 items, including 17 books. Over a span of forty-one years he averaged 17.3 titles per year, the maximum in a single year being 34. His interests extended to everything biological and to all social and cultural relationships of biological matters. Jennings gives a full summary of these diverse publications. "There were papers on animal behavior, from Protozoa to man; on general physiology; many on varied aspects of genetics (on variations, on abnormalities, on the breeding of Drosophila, of poultry, of cattle, of corn, of cantaloupes, on tongue colors in cattle, on the colors of hens' eggs, on the biology of sex, on the effects of parental alcoholism on progeny, on mutation, on methods of research in genetics, on the effect (or absence of effect) of selection, and on many other problems of genetics. There are many technical contributions on the care and breeding of fowls (fertility and fecundity in fowls, diseases of fowls, plumage patterns, egg production, keeping fowls free from lice, the folk-lore of hens' eggs, and the like). Many papers are devoted to technique, in the laboratory and in the field. There are extensive contributions to statistical methods, some abstruse, some directly practical. Many papers deal with disease: influenza, pneumonia, tuberculosis, cancer, encephalitis. Many papers (more than on any other subject) deal with the biology of man: papers on longevity and mortality, on the effects of alcohol and of tobacco, on eugenics, on race culture, on the biology of superiority, on the embryological basis of mortality, on the biology of death, on population, on contraception, on the vitality of the peoples of England and Wales, on world overcrowding, on the biological effects of war, on the history of vital statistics, on patterns for living together. There are papers on food and prices, on wheat conservation, on 'the nation's food', on food thrift, on business cycles. There are papers of philosophical import: on evolution and the origin of life, on 'evolution and the Irish', on vegetarian biology, on the living machine, on the pragmatic standpoint in philosophy, on natural theology without theistic implications, on reconciling religion and Darwinism, on humanizing biology, on 'a philosopher for the bloc', on skepticism reconciled, on 'scientists into philosophers', on 'America today and possibly tomorrow'. There are many miscellaneous papers on the most varied subjects constituting a journalism of science: on a eighteenth century patron of science, on 'the prince of columnists', on statistics of garbage collection, on a new statistical journal, on Jewish and Christian marriages, on the work of agricultural experiment stations, and the like." These articles were contributed to statistical journals, medical journals, agricultural journals, encyclopedias, miscellaneous scientific publications, literary and miscellaneous journals, and newspapers. In addition, Pearl wrote hosts of book reviews: longer signed reviews in periodicals to which he was invited to contribute; short and terse, often devastating unsigned comments in the periodicals he himself edited.



We now look at the dynamic differential equation associated with the logistic model (also called Verhulst-Pearl model). This model is 

          (6)       
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where K is a positive parameter called the carrying capacity (K is intended to represent that totality of resources available to the population) and r is a positive parameter called the intrinsic growth rate. Clearly, when P is small compared to K, the equation is approximated by the first order linear exponential growth equation. 

In order to solve the logistic equation we first note that this is a nonlinear equation that has variables separable. The constant solutions are P=0 and P=K; note that to find these solutions we set dP/dt =0 and solve for P. Such solutions are called equilibrium solutions. Equilibrium solutions are important because they often determine the dynamic properties of differential and difference equations. Separating the variables, and integrating after decomposing the function of P in partial fractions yields the non-constant solutions. 
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where C is a constant that is determined by the initial data. Hence, 
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Solving for P, we get 
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For the initial condition 
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, we find that
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Substitution of this value of C into the expression for P(t), we find the solution of the logistic equation

  (7)               
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It is easy to see that all solutions with 
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However, this model cannot represent a population that is going to extinction because even small initial populations produce populations that tend toward the carrying capacity. Also note that the only difference with the exponential equation is the weighting of the intrinsic rate of increase r by the [1 - N/K]. 

The geometric analysis: The phase line for the logistic equation where r > 0 and K > 0.
((((((0(((((0((((((
      P = 0           P= K

This indicates that the equilibria P* = 0 is unstable and P* = K is stable.
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Discrete Logistic Models

The discrete analogue of the continuous logistic equation is probably not what you expect. Would you believe that the solutions of 

(8) Pt+1 = Pt exp(r [1 - P/K])

exhibit a dynamic behavior similar to that of the continuous logistic model?

Graph: 

The discrete logistic equation that most would guess is

(9) Pt+1 = Pt (1-Pt/K)

The point of inflection marks the turning point where the second derivative becomes negative ([image: image18.png]


), and hence the point beyond which the yearly population growth rate begins to decrease. 
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	Figure 2.1: Vector Field and Graphs of Solutions


Let us consider the discrete logistic equation [image: image20.png]= upo— Puy)



, which has the typical equivalent version 

	(2.2)
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(redefining [image: image22.png]A



). 
The equation (2.2) represents a one-parameter family of discrete dynamical systems defined on [image: image23.png][0,1]



, provided the initial value [image: image24.png]


is also in this range and [image: image25.png]


enough small. 
Fixed points are computed by setting [image: image26.png]z = aZ(1-7)
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are obtained. The following analysis is found: 
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is the only fixed point and it is asymptotically stable; 
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is a neutral fixed point; 
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is a repelling point, while the fixed point [image: image35.png]


is asymptotically stable with domain of attraction [image: image36.png]O<zo<1



; 
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is a repelling fixed point. On increasing [image: image39.png]


from 3 to 4, periodic orbit arise with at each step a doubling of the period: 2,4,8... At each value of where such a new periodic point with double period arises, a bifurcation occurs and there are an infinite number of such period-doubling bifurcation until the value [image: image40.png]


. The values of [image: image41.png]


with [image: image42.png]O << 4



produce mapping which are indicated by chaotic. The site http://www.lboro.ac.uk/departments/ma/gallery/doubling/ provides a graphical simulation, based on the Cobwedding method). 
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	Figure 2.2: Discrete Logistic Equation


The parameter [image: image44.png]


is usually restricted to the interval [image: image45.png](0,4]



to ensure that [image: image46.png]


for all [image: image47.png]


, since otherwise the population becomes extinct. 
The complicated behavior exhibited by the logistic map is typical for a whole class of families of one-dimensional maps of a finite interval that have a single smooth maximum, known as unimodal maps. 

Remarks 2.1   

· For the differential equations the dimension of the problem plays an important role in determining the dynamics. In one dimension the only possible limit set for bounded solutions are steady states and in two dimension only steady states and periodic solutions can be found as the limit set of bounded solutions. One shall require a dimension of at least three if we are to see complicated dynamical behavior. 
One of the crucial differences between discrete system and continuous systems, in one- and two-dimension, is the fact that it is plainly impossible for the dynamics of the differential equation to be chaotic! 
For the difference equations the situation is different: for maps it is possible even in one dimension to obtain chaotic (or seemingly random) orbits. 

· With the setting of [image: image48.png]c=(2a-a%/4



and [image: image49.png]Yo = /2 — az,



the discrete logistic law (2.2) may be rewritten as the quadratic law [image: image50.png]Y1 =Y +C



(Euler's model). There are various important aspects of behavior which can be introduced through the quadratic map and, however, there are many different problems to be solved with it. Let we fix the parameter c and start with [image: image51.png]


: whenever there is an inaccuracy (as decimal representation of real number) in the wild iteration process, this error is dramatically amplified, due to the quadratic character of the expression. Unfortunately, an estimate of this error is usually not available without knowledge of the actual solution. 

· In order to draw a discrete analogy with the logistic equation (2.1) (i.e. which reproduces the same behavior), one should consider the difference equation produced by a numerical method, and not the direct counterpart. The earliest numerical algorithm was the Euler's method. Let us apply the Euler's method to the equation (2.1), then it produces 
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Let us set h=1 and [image: image53.png](a+1) =d



, thus 
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· bring again to the sequence (2.2), which dramatically has shown that, passing to discrete approximation, complex behavior results as [image: image56.png]


is varied, while in the continuous equation the parameter [image: image57.png]


only influences scaling of the qualitative behavior. This is not also a honest-to-goodness approximate model. In contrast, the difference equation 

	(2.3)
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is analogous to the logistic equation (2.1). Precisely the fixed points of (2.3) are [image: image59.png]


and [image: image60.png]


. The stability is now discussed: 
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is unstable,

	   
	[image: image64.png])




	[image: image65.png]-
1+8




then [image: image66.png]


is asymptotically stable for any [image: image67.png]


, as desired.



Thus a choice of an appropriate difference equation (i.e. a numerical method which produces the difference) is a very important step in studying the qualitative behavior of continuous systems. 

Here you might want to read some papers of Yorke, May….

May, R.M., 1974. Biological populations with nonoverlapping generations : stable points, stable cycles and chaos. Science, 186 : 645-647.

Simulations

You can explore the behavior of the logistic model by varying the intrinsic rate of increase r. Increase it slowly by clicking on the right arrow of the logistic menu and see what are the consequences. The population dynamic goes from stability, to chaos passing by bifurcating cycles. Are you able to find the two threshold values between these three states ?



References :

· May, R.M., 1974. Biological populations with nonoverlapping generations : stable points, stable cycles and chaos. Science, 186 : 645-647. 

 
· Pearl, R., 1925. The Biology of Population Growth, Knopf, New York. 

 
· Pianka, R.J., 1994. Community Ecology, Chapman & Hall, London. 

 
· Verhulst, P.F., 1838. Notice sur la loi que la population suit dans son accroissement. Correspondence Mathématique et Physique, 10 : 113-121. 

Time dependent logistic equations. The logistic equation with time dependent coefficients is 

          (9)       
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This is one of the few nonlinear equations with time varying coefficients that can be solved. Regarding this as a Bernoulli equation, we find

Supplemental Reading for when you are bored: V. A. Kostitzin. The logistic law and its generalizations.1940. Sur loi logistique et ses generalisations. Acta Biotheoretica. 5:155-159. 

3 Deterministic versus Stochastic Growth

The exponential and logistic growth equations are deterministic because growth is determined by fixed (constant) values of r and K and by a constant initial population size. When solving the differential equations, the initial population size enters into the problem as a parameter but indications of solution behavior usually given as this parameter varies. We have talked about time dependent models. Stochastic growth allows r and/or K to vary randomly with time, so that growth and dynamics are determined by the amount of variation in r. 



Stochastic Models

Stochasticity and Extinction

The year-to-year variation in birth and death is called demographic stochasticity

We can calculate the extinction risk from values of b, d, and P.

The probability of extinction, p, for a given time step is

p=(d/b)N
If P=50, b=0.55, d=0.50 then p=(0.91)50=0.01 or 1%

If P=10, b=0.55, d=0.50 then p=(0.91)10=0.39 or 39%

Therefore, if P<50 extinction risk increases rapidly



Popuation Dynamics

Population size may vary considerably around the carrying capacity

Or, the carrying capacity of the environment might change

Three basic types of dynamics include:

1. Stable - relatively constant through time

2. Cycles - changes in population sizes are predictable in the amplitude and frequency

1 Fluctuating - changes in population size are stochastic (predictable only within bounds

 The model of Gompertz

It is a model frequently used in animal ecology and for the dynamics of the populations. 

dN/dt = R  N  (ln C - ln N)

integrated: 

N = E (- B * exp(-r * T)) 
B being the constant of integration. The point of inflection of the curve is at N = 1/E = 0.37. 

The model of Richards (Model of wide Bertalanffy)

It is a very flexible model, where the shape of the curve representing the growth rate can be varied by the parameter Mr. This curve is symmetric only for m=2. 

dX/dt = R * X m /(1-m) * (1 - X (1-m) )

It is easy to check that the model of Richards corresponds to the monomolecular model for m=0, with the model of Gompertz when m - > 1, and with the logistic model when m=2. 

Integration gives:

X = (1 + B * E - r*t ) 1/(1-m) 
where B is the constant of integration which is equal to X(0) (1-m) - 1 

The point of inflection of the curve is dependent on m and is with X = m 1/(1-m) and thus in X=0.192 for m=0.33, X=0.29 for m=0.66, X=0.368 (1/e) for m=1, X=0.5 for m=2 and X=0.58 for m=3. 

The model of Weibull

This equation was often used as function of distribution. 

dX/dt = C/B * [ ln 1/(1-X) ] (c-1)/c * (1 - X)

where B is a parameter of adjustment which is inversely proportional to the parameter R known. The parameter C, as for him, determines the shape of the curve and peutêtre compared with the parameter m of the model of Richards. 

[image: image69.png]



Examples
The only difference with the exponential equation is the weighting of the intrinsic rate of increase r by the [1 - N/K]. 

When N < K, and thus the population size is below the carrying capacity, the ratio N/K is below 1 and the population should still increase. It is only when the population size is very small (N/K => 0) that the full intrinsic rate of increase will be expressed.

When the population size overcomes the carrying capacity, the population decreases (N/K > 1; the exponentiation argument is negative).






The population of the U. S. (red data points) and the model exponential growth curve used to fit this data.
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