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Outline

1. Motivating Example
2. Set-up of optimal control problem
3. Necessary Conditions to characterize OC
4. Simple Examples

5. Back to motivating example
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Overview

To formulate an appropriate OC problem, the
system of differential equations must be a
reasonable representation of the scenario to be
considered.
Designing an appropriate objective functional is
equally important.
Balancing competing goals may be crucial.
The form of the OC results depend strongly on
the system of equations, how the controls enter
that system, and the objective functional.
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Optimal Control

Adjust controls in a system to achieve a goal
System:

Ordinary differential equations

Partial differential equations

Discrete equations

Stochastic differential equations

Integro-difference equations
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Big Idea

In optimal control theory, after formulating a
problem appropriate to the scenario, there are
several basic problems :

(a) to prove the existence of an optimal control,

(b) to characterize the optimal control,

(c) to prove the uniqueness of the control,

(d) to compute the optimal control numerically,

(e) to investigate how the optimal control
depends on various parameters in the model.
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Notation

�

�

�

�

�
�

�

 

 

�

!

�

"

�#

�

!

$

� #

�

�

!

%

� exponential growth

�

&

�

'

!

��( )

*
+

time is underlying variable.

Lecture1 – p.7/55



Deterministic Optimal Control

Control of Ordinary Differential Equations (DE)
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Deterministic Optimal Control- ODEs

Find piecewise continuous control 5
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Contd.

Optimal Control H
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Necessaryand Suf�cient Conds.

Necessary Conditions
If N
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P�Q R
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conditions hold
...
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Adjoint

like Lagrange multipliers to attach DE to objective func-

tional.
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Deterministic Optimal Control- ODEs

Find piecewise continuous control U

V�W X
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Quick Derivation of NecessaryCondition
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Contd.
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Contd.

Take the derivative of J with respect to a
and evaluate it at a =0.
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SIMPLIFY using the adjoint
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Contd.
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UsingHamiltonian

Generate these Necessary conditions from
Hamiltonian
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For maximization

�

�

�
	

�

�

at 	

�




	

�

as a function of 	

For minimization

�

�

�
	

�

�

at 	

�




	

�

as a function of 	

Lecture1 – p.22/55



Two unknowns �
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Pontryagin Maximum Principle
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Hamiltonian
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Example2
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Hamiltonian
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Example2 continued

and the optimality condition leads to
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Graphs, Example2
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Back to Fishery Model
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Contd.
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Inter pretation of Adjoint
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†
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Š

= marginal variation in the optimal objective
functional value of the state value at
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“If one �sh is added to the stock, how much is the

value of the �sher y affected ?"
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Principle of Optimality
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Optimality System

State system coupled with adjoint system
- optimal control's expressions substituted in

Numerical Solutions by Iterative Method
- with Runge Kutta 4, Matlab or favorite ODE solver
- guess for controls, solve forward for states
- solve backward for adjoints
- update controls, using characterization
- repeat forward and backwards sweeps and control
updates until convergence of iterates
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BoundedControls

As long as the �nal position of the state variable
is not �x ed in advance:
Control µ ¶

·"¸ ¹

º

Solve for the optimal control using the optimality
condition and then impose the bounds on the
formula.
In that exercise, suppose for all controls
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Multiple Statesand Controls

Consider a problem with Ç state variables, È

control variables, and a payoff function ,
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Vector Notation
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Hamiltonian

ÿ��

�

���

�

���

�

���

	




ÿ
�

�

���

�

���

	

�
�

ÿ�� 	��

��


ÿ��

�

���

�

���

	

�

ÿ��

�

���

�

���

�

���

	




ÿ
�

�

���

�

���

	

�
��� �

�

�

ÿ�� 	




�

ÿ��

�

�
�

�

���

	

Lecture1 – p.47/55



NecessaryConditions
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Optimality Conditions
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Statesand Adjoints

To each state, there corresponds an adjoint.
The �rst adjoint corresponds to the �rst state...
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SimpleExample

Consider a well-stirred bioreactor in which
contaminant and bacteria present in spatially
uniform, time varying concentrations.

H

I�J K

L concentration of contaminant

M

I�J K

L concentration of bacteria

The bioreactor is rich in all nutrients except one
to be controlled,

N

I
J

K

L concentration of input nutrient O
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The bacteria degrades contaminant via
co-metabolism, meaning degradation of the
contaminant is a byproduct of the bacteria
metabolism. The growth of the bacteria as result
of the nutrient P is a limited growth function,
called Monod or Michealis-Menton kinetics.
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Objective

We wish to minimize the �nal contaminant
concentration and total injection of the nutrient.
Thus, the objective functional
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Two adjoints
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Optimality Condition
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One must check that this expression is positive.
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