An introduction to discrete dynamical systems. difference
equation models

The basic idea here is to consider systems with changes which
may be thought of as occuring discretéme example would be

cells which dvide synchronously and which you foNcat some

fixed set of times follwing cell dvision. Other gamples
include agy organism with discrete generations (e.g. myan
iInsects, annual plants, etc.) in which you falleither popula-

tion size or some measure of genetic structure such as allele fre-
guencies. Thedy rere is that there are reladly short and syn-
chronized actions (e.g. breeding seasons) whichvallone to
ignore the within-time period bewar for the purpose of the
model.

An alternatve view of discrete models is that there discretiza-
tions of continuous-time models. That is, we tagally obsere
organisms continuouslyso we just monitor the quantities of
interest at discrete intaals. An &kample wuld be locations of
individuals (which mge @ntinuously but we only obsemw &
discrete interals). This is the basic idea of time series analysis,
which are statistical approaches to describing, predicting and
controlling the behaor of a time-dependent system.

| would ague that the appropriate formulation of a model
depends upon:

The question you are trying to address and the appropriate
temporal (and spatial scale at which to focus that question

The limitations of the\ailable data to deslop the model
and then eduate it

A general form for a first-order dé@rence equation is

Xne1 = F( Xn)
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where the function f determines thennealue of the ariable at
the net time step from the pweous \alue. This is an iteration
scheme and if you kmothe function f and an initiaty then you
can just iterate the function through time to calculate susgessi
values ofx,,. Howeve, the objectre d mathematical analysis is
to provide some general understanding of models such as this,
So that you can determinevindhe system belvas without hav-

ing to iterate it numericallyNumerical iteration tells us only
what one particular trajectory of the system will be through
time. We'd potentially hae © do mary iterations to get a gen-
eral picture of the bek#&r of the system, and mathematical
analysis saes us from having to do this.

There are a f& basic concepts that apply to analysis of dynami-
cal systems in general:

1. Equilibrium - finding a state of the system which does
not change in time (and/or space if the problem is spatial). This
is typically found by setting theaviables at one time step to be
the same as that at thexhéme step

Xn+1 = Xn

where here n represents the nth time irgleov in the continuous
case setting the dedives =0

dx _
dt
Note that there may be madifferent equilibria arising in a par

ticular model, with oneample being a population model in
which 0 and some carrying capaciy are both equilibria.

2. Stability - determining whether there is a long-term
approach to some galar pattern in the system. The simplest
case of this is if the system approaches a single equilibrium
through time

0
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im x, =X

n- oo
But there are quite aviedifferent notions of stabilityThe usual
one islocal asymptotic stability , meaning that folling a
small perturbation of the system from an equilibrium, through
time the system will approach that equilibrium. Note that in
mary situations, the system may notee equal the equilibrium
value, hut ratherx, — x gets as small as youowld like & n
increases. Another notion of stabilitygkobal stability , mean-
ing that follawving ary perturbation, not just small, local ones,
the system approaches an equilibrium.

3. Dynamic equilibria - here the system has some dynamic
pattern that, if it starts in this pattern, stays in this pattermn for
eva. If the pattern is stable, then the system approaches this
dynamical pattern. Onexample is a limit gcle in the continu-
ous case, and a 34de in the discrete case:

X, = X for n even
and

X, = X for n odd

4. Domain of stability - this is the g®n (in either the
state space of the system, or in some parameter space if the
equations are a function of some parameters whieltadtabil-
ity) within which an equilibrium is stable. Thus #les ofxy in
the intenal [ a, b ] guarantee that

fim, X = x
and this interal is the lagest interal for which this holds, then
this intenal is the domain of stabilitySmilarly, if the system
depends upon some paramgserthat say
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Xn+l = f( Xn ,0()
and an equilibrium ix” which may depend upans, then if

im x, =X

n- oo
for « in [a,b] then this is the domain of stability for the
parametetr.

5. Linearization - here we approximate a function by a
line sgment (if it's a unction of one ariable) or by a piece of a
plane (if it's a unction of 2 wariables). Such an approximation
will generally be accurate (e.g. not toar ffrom the original
function) only for small ranges of thanable. This is &ry use-
ful in determining local stability of an equilibrium, because we
can approximate the functions determining the dynamics near
the equilibrium and from such an approximation determine
whether the equilibrium is approached through time or not.

The simplest dierence equations - Linear case

The first-order linear dérence equation is
Xpsp =@ Xy + D (1)

where a and b are constants. If b = 0, then this is the simplest
model for gravth, corresponding to geometric g with

Xn = Xo a" (2)

where X, is the initial number of cells. Note that unless a is an
integer, x,, IS not necessarily an irger, so it is more typical to
interpretx, as measuring not the number of cells fome den-
sity, which is not then limited to ingger values. The b term in (1)
can be thought of as an immigration term, if it is poesitor a
density independent death term if it igga#ve. If b > O, then the
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solution becomes a little more complicated. This is the simplest
case of a non-homogeneous equation, meaning that it has a term
that does not depend upon tleiablex,. In general, for linear
systems such as this, the general solution is found by adding the
general solution of the homogeneous equation

Xn+1 = @ Xy

to a particular solution (e.g. ysolution we can find) to (1). The
general solution for linear homogeneous equationsnayal of
the form

X, =c A"

where we already kmofrom (2) that in this casg = a. To find
a particular solution, we typically auld try a constant - so
assumex,, = Afor all n and plug this into (1) to get

b
1-a
which holds as long as# 1. Then the solution of (1) is

X, =C a"+
: 1-a

where C is a constant based upon the initial conditions
b

1-a

For the case a = 1, the solution is

C:XO_

Xn=XotNDb

Note that in this model there is an equilibriuralue
which we already found by settirng, to a constant, it is the
value A. Note that if b > 0, then this equilibrium isgatve
unless a < 1. If a < 1 then the population is declining, and there
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Is an equilibrium which arises when immigration (measured by
b) just balances decline. If b < 0, and a > 1, then there is an equi-
librium where gravth just balances death. What weiin@ant to
investigate is the stability of these.

Stability for the linear case

Here we vant to determine whether the equilibrium A
found for (1) is stable, by which we mean that if we stairt of
with Xg near A, will X,, approach A as n increases. Thaywve
do this in general is to define awneariable, call ity,,, which
gives the distance ok,, from the equilibrium A

Yn =Xy, — A

and the equilibrium will be stable ¥, decreases weards 0 as n
Increases. By a simple substitution, we can change (1) to an
equation iny,

Ynet = @ Yn (3)

which arises since we chose A to be an equilibrium. But the
solution of (3) is just geometric gah

Yn=Yoa"

and soy,, will decline tavards O only if a < 1. This means that
the only case in which A is a stable equilibrium occurs when b >
0 and a < 1, when the populaion inherently is dying out, and is
maintained at an equilibrium only when there is immigration. In
the case b < (and a > 1, the equilibrium at A is not stable. If
Xg > Athe population gnes without bound.

Everything that we did here generalizes tofetdnce
equations of a much more general form. The general m-th order
difference equation is



_7-

ag Xp + a1 Xp-1 + -+ 8y Xp-m = by 4)

where the order m ges the number of prgous time steps (gen-
erations) which déct the current alue of the dariable (popula-

tion size). The case that is a simpkteasion of the abe is the
constant codicient one, in which they; terms are constants,
with b, = 0, being the homogeneous case. Here what happens is
that the general solution is found by looking for geometric
growth assuming

X, =Cc A"
and plugging this into (4) in the calsg= 0 gives
ap AmM+a; A™+ ... +48,=0 (5)

which is called the characteristic equation for (4). There will in
general be m solutions for which satisfy (5) and the general
solution is then gen by

Xn=C1 Al +Cp A + -+ Cp Al

where thel; are diferent solutions of (5). What determines the
behaior here is thel; of the lagest magnitude - if it is greater
than 1 in magnitude then solutions gravithout bound, if it is
between (Qand 1 then solutions decline to O, if it is between -1
and 0 then solutions decline to zerud twith oscillations.

Note: an alternate way to vieav the abee hgherorder
difference equation is as a system of equations, and this leads to
the use of linear algebra and matrices.

So what good is all this linear theory? The maineativge
is that if we can linearize a more complicated non-linear system
(typically near an equilibrium) then we can use thevaldoeory
to state whether or not the equilibrium in the non-linear system
IS locally stable. In general, all wevsato do is to examine the
solutions of the characteristic equation (5) for the linearize
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system, and this will tell us whether solutionsvgionove away
from the equilibrium) or decline (e towads the equilibrium,
so it is then locally stable.

Non-linear Models

All biological systems are non-lineance gravth/change
cannot continue in a linear manner fery long without causing
reduction in mailable resources. Feedbacks occur which limit
components of systems due to theiwnovalues or alues of
other components. The simplest discrete non-linear models are
those which hee the net higherorder term (e.g. a second
power)

Xne1 = @ Xp + BX3 + C (6)

but just as analyzing a quadratic equation in algelas quite a
bit more dificult that a linear one, analyzing (6) is quite a bit
more dificult than the linear case. Iradt, en quite simple
non-linear diference equations including (6), may be impossible
to solwe in any ample closed form. This means that either one is
limited in analyzing them to doing numerical simulations and
generalizing from the limited number of these which can be
done, or else using the general themes of analysis for dynamical
systems mentioned av® o produce a general picture of what
happens in the system. Also, in most cases analysis of discrete
equations, such as (6), can be much mofedif than analysis
of a similar looking difierential equation such as

dx_ ax+hbx?+c

dt

So the usual approach in analyzing non-linear discrete

equations is to:
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1. Look for equilibria, including ones which are not simple, such

as gcles

2. Analyze the stability of the equilibria, by doing a local
linearization

3. Investigate the paarmeters of the model equations to
determine he changes in parametersfedt the location
and stability of equilibria.

So if we consider the first-order fifence equation

Xpe1 = F(Xn) (7)
then the abee geps correspond to first setting
X =f(x) (8)

to find ary equilibria and then to determine if an equilibrium is
stable, defining the distance from equilibrium

Yn=Xn =X

and substituting this into (7). M@ver to do this we need to use
the linearization of the function f near the equilibrim which
malkes use of dylor’s Theorem which says that we can approxi-
mate a function near a point on the graph of that function by a
line through the point wth slope the deative d the function at
that point. This says

f(x+x*):f(x*)+x%(x*)+o(x2)

where x is suiciently small and the o( ) represents terms that
are small (e.g. die out at least astfasx?). So then we substi-
tute they, into the linearization to get

* * df *
Yoer ¥ X = F(X )+yn&(x )
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whicdhf nglects the small terms and then using (8) and letting
- * [
a i (X )we e
Ynt1 = aYn

which is a linear equation. This means thatlecreases werds

0, and thus the equilibria is locally stable, if |a| < 1 and is not
stable if [a] > 1. Ifa =1 or a = -1, then we ta@ll from this
procedure what happens - it depends upon the terms we
neglected as small.

Now if we wanted to look for equilibria that repeat (say a
2-cycle which repeatsvery two time periods) then we look at
the iterated function g(x)=f(f(x)) since

Xne2 = F( X)) = FOF(Xn)) =9( Xp )
and repeat the same analysis only using the g(x) function.

We'll illustrate this nav with what is often considered the appro-
priate discrete analog to the continuous logistiewjncequation

namely the fiperbolic equation
K X,
b+ X,

Xn+1 =

(8)

Here we setx, =X and get tw lutions x =k -b and

X = 0. So for the population to be posdia these, we nEed Kk >
Xn

b+ X,
and eaduating this at each of the ow

b. Then to determine stability we need the aive d

which is simply(b X2
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_ R . b .
equilibria, we see that =k — b is stable whenE < 1 which
means k > b so that this equilibrium is stable whieng exists.

K
If you plug in O to the devative, you get the conditiOPB <1

which means that the 0 equilibrium (populatioxtirection) is
never stable when the other equilibriunxists.

The net difference equation to look at is the discrete
logistic
Xpt1 = Xp (F —a Xy )

where r and a are constants. First we illustrate the nondimen-
sionalization here by noting that for this equation to enak
dimensional sense, r must be dimensionless and a must ha

: 1 .
units — . It thus maks sense to rescale the equation so
units of x

that it isadimensionless and one reasonable choice for this is to
lety, = " Xp In Which case thg, are dimensionless and we get
a new gjuation

Yer =1 Yn (1-Yp)

Analysis of this equation folles in a similar vay to that of the
above, except it has lots more interesting dynamics. The simple

. 1 : .
equilibria are 0 and ¥ — and the second of these is stable if 1 <

r
r < 3 and the O solution is stable if 0 <r < 1. It gets interesting
when r is greater than 3 - ildbok at this numerically



